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ABSTRACT 


The  object  of  this  thesis  is  to  present  a  possible 
exterior  metric  for  a  rotating,  radiating  spherical  body. 

The  exterior  geometry  of  a  non-rotating  radiating  spherical 
body  is  determined  by  Vaidya' s  "radiating  Schwarzschild  metric", 
whereas  it  is  generally  accepted  that  a  rotating  Schwarzschild 
body  leads  to  the  Kerr  metric.  However,  no  one  has  as  yet 
presented  a  solution  which  describes  both  rotation  and 
radiation. 

Although  the  Vaidya  and  Kerr  metrics  are  discussed, 
we  are  primarily  concerned  with  obtaining  a  Kerr  analogue  to 
the  Vaidya  metric.  The  results  obtained,  with  the  principle 
limitation  that  the  angular  momentum  per  unit  mass  remains 
constant,  appear  to  be  plausible  generalizations  of  those  due 
to  Vaidya.  In  particular,  we  have  found  that  the  system  loses 
angular  momentum  at  a  rate  equal  to  -ma  ,  where  -m'  is  the 
mass  radiated  per  unit  time.  The  appropriate  null  geodesics  have 
been  computed  and  the  results  indicate  that  the  velocity  of  the 
photons  has  acquired  a  tangential  component. 
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CHAPTER  I 


INTRODUCTION 


In  1905  Albert  Einstein  [1]  formulated  what  is  now  known 
as  the  Special  Theory  of  Relativity.  This  theory  was  a  radical 
departure  from  classical  physics  but  it  has  been  experimentally 
vindicated  to  the  point  where  it  has  become  an  integral  part  of 
modern  physics.  The  special  theory  as  reformulated  by 
Minkowski  [2]  was  one  of  the  first  steps  towards  taking  a 
geometrical  view  of  physics.  Indeed,  it  was  the  ideas  of 
Minkowski  which  laid  the  foundation  for  Einstein's  [3]  1915  theory, 
commonly  referred  to  as  the  General  Theory  of  Relativity.  This 
theory  was  the  first  attempt  to  explain  certain  physical 
phenomena  in  terms  of  purely  geometrical  entities.  Since  then 
many  attempts  have  been  made  to  completely  "geometrize"  physics 
but  no  generalization  of  the  1915  theory  has  proven  to  be  without 
defect.  Consequently  the  General  Theory  of  Relativity  stands 
today  as  the  best  theory  of  gravitation,  and  it  is  with  this 
theory  that  this  dissertation  is  concerned. 

The  general  theory  stipulates  that  the  events  in  the  real 
world  can  be  considered  as  points  in  a  four-dimensional  Riemannian 
space  of  signature  +  2.  The  exact  form  of  the  metric  tensor  for 
the  space  is  determined  from  the  field  equations 
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Rij  2  sijR  8lrTij 


(1.1) 


where  R ,  .  is  the  Ricci  tensor,  R  the  curvature  invariant 
ij 

•  • 

g..R  ,  and  T,.  is  the  energy  momentum  tensor  of  the  space  under 

consideration.  The  units  have  been  chosen  so  that  the  speed  of 

light  and  the  Newtonian  gravitational  constant  have  unit  value. 

The  left  hand  side  of  (1.1)  contains  purely  geometrical 

quantities  while  the  physical  aspects  of  space  time  enter  by  way 

of  the  tensor  T . . .  In  a  local  Minkowski  reference  frame  T..  is 

i  3  ij 

given  by  (assuming  no  heat  flow  and  comoving) 
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where  t „ .  is  the  three  dimensional  stress  tensor  and  q  the 
ij 

matter  density.  In  empty  space  T^  is  identically  zero.  In 
view  of  this  fact  it  follows  that  R  equals  zero.  Hence,  field 
equation  (1.1)  reduces  to 
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(1.3) 


Within  a  few  months  after  the  appearance  of  the  general  theory 
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Karl  Schwarzs chi Id  [4]  showed  that  the  metric  tensor  corresponding 
to  the  line  element 


,2  ty  2mrl  2  2  ,  2  2  .  2aJ  2 

ds  =  -(1 — — )  dr  -  r  d0  -  r  sm  0d<j) 


+(1-  -^)dt2 


(1.4) 


was  a  solution  to  (1.3).  This  metric,  by  now  the  most  well  known 
solution  to  Einstein's  field  equations,  describes  the  geometry 
exterior  to  a  static,  non-radiating,  spherical  body  of  constant 
mass  m. 

•  • 

Later  that  same  year  H.  Reisnner  and  in  1918,  G.  Nordstrom 
[5]  obtained  a  generalization  of  the  Schwarzschild  solution.  Their 
line  element  took  the  form 


ds 
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-1.  2 
dr 


2  2  2  2 
-  r  (d©  +sin  0d<j>  ) 

+a-^  +  ^)dt2 
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(1.5) 


which  describes  the  exterior  geometry  determined  by  a  Schwarzschild 
particle  with  charge  e  . 


The  Schwarzschild  solution  was  particularly  valuable  in 
that  it  provided  experimentalists  with  a  tool  to  check  the  validity 
of  the  general  theory.  It  was  basic  to  the  "three  crucial  tests", 
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which  concerned  the  perihelic  shift  in  Mercury's  orbit,  the 

bending  of  light  rays  as  they  passed  near  a  massive  body  and  the 

gravitational  red  shift.  The  net  result  of  these  tests  was  a 

significant  triumph  for  relativity  theory,  particularly  in  that 

the  red  shift  and  light  bending  phenomena  were  observed  only 

after  they  had  been  predicted  by  the  general  theory.  Electrical 

•  • 

effects  predicted  by  the  Reisnner-Nordstrom  metric  are  in  general 
of  a  magnitude  which  does  not  lend  itself  to  experimental  detection. 

An  interesting  problem  considered  by  P.C.  Vaidya  [6]  is 
that  of  a  radiating  Schwarzschild  particle.  The  sun,  for  example, 
is  an  excellent  approximation  to  a  Schwarzschild  body.  However, 
the  space  surrounding  the  sun  is  evidently  filled  with  radiation, 
therefore  we  must  assume  that  T^  is  not  identically  zero  in 
that  region.  Vaidya  argued  that  T^  should  have  the  form 


(1.6) 


where  q  is  the  energy  density  of  the  radiation  and  v^  is  the 
propogation  null  vector.  From  this  it  follows  that  the  field 
equations  for  the  radiation  zone  may  be  written  as 


(1.7) 


Vaidya’ s  solution  to  (1.6),  (1.7)  gave  rise  to  the  metric 
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,2  2m. -1,  2  2.,2  .  2OJ  2. 

ds  =  -(1 — )  dr  -  r  (d0  +sin  0d<j>  ) 


+  (f)2(l-  ^)dt2 


(1.8) 


where  m  =  m(r,t)  and  f (m)  is  an  arbitrary  function  subject 

2m 

to  the  relation  m’(l - — )  =  f (m)  .  The  prime  and  the  dot  indicate 

differentiation  with  respect  to  r  and  t  respectively.  A  more 
detailed  discussion  of  this  solution  is  given  in  Chapter  II. 

Another  variation  of  the  Schwarzschild  solution  should 
arise  in  the  case  in  which  a  spherically  symmetric  body  is 
rotating  in  an  empty  universe.  In  1963,  R.P.  Kerr  [7]  discovered 
a  metric  apparently  compatible  with  the  above  case.  This  metric 
can  be  put  in  the  form 
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r  2,  2,  2mra2sin20,  .  2rtJ,2 
-  [r  +a  +  - ^ - ]  sin  0dcj> 


4mar  sin  0 


d<})dt 


(1.9) 


+  (i-  ^f)dt2 


2  2  2  2 
where  p  =  r  +  a  cos  0 . 

Weak  field  considerations  suggest  that  if  m  is  to  be 
the  usual  Schwarzschild  mass  then  ma  should  be  identified  with 
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the  angular  momentum  of  the  body.  The  Kerr  metric  (1.9)  was 
later  generalized  by  E.T.  Newman  et  al.  [8]  to  the  case  where  m 
is  charged. 

In  the  discussion  in  the  following  chapters  we  consider 
another  variation  of  the  Schwarzschild  theme  and  present  one  form 
of  a  "Kerr-Vaidya"  metric.  That  is,  we  apply  the  Vaidya  technique 
to  the  Kerr  metric,  the  results  of  which  bear  relevance  to  the 
problem  of  a  rotating,  radiating  spherical  body. 


CHAPTER  II 


THE  PROBLEM  OF  VAIDYA 


As  mentioned  in  the  previous  chapter  an  interesting  problem 
is  that  of  the  gravitational  field  of  a  radiating  Schwarzschild 
body.  Earlier  considerations  [9]  of  this  problem  were  for  the 
most  part  unsuccessful  as  they  were  attempts  at  generalizing  the 
Schwarzschild  solution  to  non  static  masses.  Hence  it  was  not 
until  1950, when  P.C.  Vaidya  first  exhibited  a  physically 
appealing  solution,  that  significant  result  was  obtained.  The 
first  consideration  was  in  fact  to  display  a  meaningful  energy 
momentum  tensor  and  the  following  is  based  on  Vaidya’ s  work. 

The  electromagnetic  energy  momentum  tensor  is  given  by 

[10] 


ij  ik_im_  ,  1  ij_km_ 

J  =  -gJ  F  F.  +  7-  g  JF  F. 
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(2.1) 


where  F^  is  the  electromagnetic  field  tensor  which  when 
expressed  in  Minkowski  coordinates  takes  the  form: 
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The  coordinate  notation  x  ,x  ,x  ,x  *  t,x,y,z  is  used,  and  the 
summation  is  from  1  to  4.  In  terms  of  the  above  coordinates 
we  obtain  the  typical  examples 
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If  we  now  consider  a  directed  flow  of  radiation  —  meaning  that 
a  local  observer  at  any  point  in  the  region  of  space  under 
consideration  will  find  one  and  only  one  direction  in  which  the 

2 

radiant  energy  is  flowing,  —  directed  for  simplicity  in  the  x  (x  ) 
direction  and  assume  that  the  radiation  is  plane  polarized  with 

3 

its  electric  vector  parallel  to  the  y  (x  )  direction  we  obtain 


E  =  E  =  H  =  H  *0 
x  z  x  y 

(2.4) 

E  =  H  . 
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It  follows  from  (2.3)  that 


(2.5) 


density  of  the  radiant  energy  at  the  point  in  question.  This 
result  also  holds  for  the  average  of  incoherent  unpolarized 
radiation. 

The  energy  momentum  tensor  in  any  other  coordinate  system 
may  be  found  by  the  tensor  transformation  rule 


The  subscript  o  has  been  introduced  to  designate  natural 
coordinates.  As  the  radiation  flows  along  a  null  geodesic 
we  must  have  that 
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or, 


dx^  ®  dx^  -  dx . 
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Now  since 
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it  follows  from  (2.5),  (2.6)  and  (2.9)  that 


u  _  dx^djti 

dx  di  q 


o 

or,  denoting  4c—  by  v^,  we  have 

dx 


qvV  . 


(2.10) 


is  interpreted  as  the  propogation  null  vector  of  the  radiation. 

Also,  since  v^v.  =0  We  have  that 
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R  =  0; 


(2.11) 
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it  follows  that  the  field  equations  for  directed  radiation  are 

Rij  =  ”  8TTqv^v^  .  (2.12) 

In  the  above  discussion  the  radiation  was  directed  along  the 
x-axis.  In  the  spherically  symmetric  case  the  space  part  of  v^ 
would  be  in  the  radial  direction. 

We  will  now  suppose  that  a  star  of  initial  mass  M  and 

radius  R  starts  to  radiate  at  time  t  .  At  some  later  instant 

o 

t^  the  radiation  has  reached  r  =  r^  so  that  the  region 

R  <  r  <  r.  ,  t  <  t  <  t,  (2.13) 

—  —  1  o  —  —  1 

is  the  zone  of  radiation  wherein  (2.12)  holds.  Vaidya 
assumed  a  metric  of  the  form 

,  2  v,  2  A,  2  2  ,,2  .  2Q.  2. 

ds  =  e  dt  -  e  dr  -  r  (d0  +sin  9dq>  )  (2.14) 

with  A  =  A(r,t),  v  =  v(r,t).  If  we  now  take  the  flow  of 
radiation  to  have  radial  direction  we  will  have  that 

v3  =  v4  -  0.  (2.15) 

This  reduces  (2.12)  to  three  non-trivial  equations  to  which  we 
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must  add  the  null  condition 

v,  12  A,  2.2  -  /0  - 

e  (v  )  -  e  (v  )  =0.  (2.16) 

The  general  solution  to  (2.12)  and  (2.16)  gives  rise  to  the  line 
element 


2  ,m.  2n  2m.  2  / 1  2m.-l,  2 

ds  =  (7)  (1-  — )dt  -  (1-  — )  dr 
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2  2  2  2 
-  r  (d0  +sin  6d(f)  ) 


(2.17) 


where  m  =  m(r,t)  and  f (m)  -  m'(l — — )  is  an  arbitrary  function. 

A  more  revealing  form  of  Vaidya’s  line  element  was  given 
in  1953  [11]  and  may  be  written  as 


ds^  =  (1-  ~^)du^  +  2dudr 

r 

2  2  2  2 
-  r  (d0  i-sin  0 d<f>  ) 


(2.18) 


where  r  is  a  null  coordinate  and  u  a  retarded  time  coordinate. 

dm 

A  transformation  to  explicitly  diagonalize  (2.18)  with  —  ^  0 
is  not  known  but  Finkelstein  [12]  showed  that  the  transformation 

m  ■  constant 

u  =  t  -  r  (2.19) 


T  =  t  +  2m  ln(r-2m) 
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will  produce  the  Schwarzschild  metric  (1.4)  with  coordinates 
(T,r,0,cf>).  Hence  line  element  (2.18)  wherein  m(u)  is  a 
constant  function  is  simply  the  Schwarzschild  line  element  in 
"radiation  coordinates". 

The  only  non  zero  component  of  the  energy  momentum 
tensor  in  the  (u,r,0,4>)  coordinate  system  is  T  -  .  It 

turns  out  that 

-  8irTn  -  ~  -  8nq(v^)2  (2.20) 

r 


from  which  it  follows  that 


(v1)2  =  ~~~y~  •  (2.21) 

47rr  q 

Since  the  energy  density  q  >  0  we  must  have  that 
m'  <0,  indicating  that  the  star  is  losing  mass.  If  we 
normalize  the  propogation  null  vector  v^^  such  that  v^  =  1  we 
have  that 


q  = 


-  m* 

4irr2 


(2.22) 


Lindquist,  Schwartz  and  Misner  [13]  point  out  however, 
that  the  energy  density  given  in  (2.22)  is  not  the  density  as 


■  ~s- 
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measured  by  an  observer  travelling  with  four-velocity  w*.  They 
define  the  observed  energy  density  q  as 


T  0  . 

ij 


(2.23) 


± 

In  natural  coordinates  wherein  w  ■  (1,0, 0,0)  it  is  seen  that 
q  may  be  identified  with  the  q  of  (1.2).  If  we  now  assume 
the  observer  to  be  moving  radially  we  have 
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dx 
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and  we  obtain 
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The  condition 


i 

w  WjL  = 


(2.26) 


implies  that 
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where 


a  =  (U2+l-  — )** 
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Therefore 


(2.27) 
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If  we  now  define  luminosity  as 
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4TTr2q, 


(2.29) 


the  observed  radiation  density  seen  at  some  distance  r  from  the 
star,  we  find  that  an  observer  at  rest  at  infinity  would  calculate 
a  total  luminosity  of 


Lm  *  lim  4?rr2q  (2.30) 

r  -+•  oo 

U  ^  o 
*  -m? . 


In  other  words,  the  total  luminosity  is  equal  to  the 


mass  radiated  per  unit  time. 


CHAPTER  III 


THE  KERR  METRIC 


In  1963  a  new  solution  to  the  empty  space  field  equations 

(1.3)  appeared.  R.  Kerr  [14],  while  investigating  algebraically 

special  solutions  of  Einstein’s  empty  space  field  equations, 

& 

discovered  the  stationary,  axially  symmetric  vacuum  metric 


ds2  =  (1-  -^yOdu2  +  2dudr  -  2a  sin20drd<f> 
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4mra  sin  0  j  „  2  ,„2 
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j  2 n,  21  2.  2mra2sin20 N  , , 2 
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where  p  *  r  +  a  cos  0 .  Much  was  already  known  about  static 
axially  symmetric  vacuum  metrics  more  often  called  Weyl  fields  and 
some  work  had  been  done  on  the  stationary  variety  but  no  metric 
had  appeared  which  was  as  physically  appealing  as  that  in  (3.1). 
This  metric  is  generally  believed  [15]  to  describe  the  exterior 
geometry  of  a  slowly  spinning  spherical  body  with  Schwarzschild 
mass  m  and  angular  momentum  ma.  This  interpretation  is  a 
result  of  the  weak  field  approximations  first  carried  out  by 

k 

The  different  forms  of  the  Kerr  metric  along  with  the  associated 
transformations  may  be  found  in  appendix  A. 
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Papapetrou  [16] . 

The  following  is  the  usual  weak  field  approximation 
technique  found  in  standard  texts  on  relativity.  See  for 
example  Landau  and  Lifshitz  [17].  First  of  all  put 
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h^P  is  the  first  approximation  term,  accurate  to  order  , 

(2)  1 
while  h;/  is  the  second  term  accurate  to  order  — =■  .  In 
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These  are  simply  the  first  terms  in  the  expansion  of  the  Schwarzschild 

(2) 

line  element  (1.4).  The  h_\  ’  s  are  given  by 


n  n. 

a  3 


(3.5) 


with  a,  3=2, 3, 4.  M  is  the  angular  momentum  three-tensor 

Ot 

of  the  body  together  with  its  field.  If  we  now  consider  the 

2 

Kerr  metric  (1=9)  and  neglect  terms  of  order  a  we  obtain 


,  2  2,2  2  ,  2  ,  2 

ds  -  -  r  d6  -  r  sin  «d<j> 

-  (1-  — )"1dr2  +  (1-  —  )dt2  (3.6) 

IT  TO 

-  ~~  sin20d<J)dt, 


and  applying  the  transformation 


2 

6 


2  2  2 
=  x  +  y  +  z  , 

■  arc  tan  J  , 

<k 

»  arc  cos  » 


(3.7) 


we  obtain 


a,  8  =  2,3,4 


(3.8) 


2may 

g12  3 

r 


g 


13 


ss 


-2max 

3 

r 


g 


14 


0 


a 

with  n  =  —  . 
a  r 


Comparing  (3.3),  (3.4)  with  (3.8)  we  see  that 


g 


12 


2M23y 


2may 

•  3 
r 


and 


(3.9) 


2M_0x 

32  -2max 

g13  3  3 

r  r 

from  which  we  conclude  that  the  angular  momentum  about  the 

z  axis,  is  equal  to  ma.  Furthermore,  by  putting  a  ■  0  in 
either  (1.9)  or  (3.1)  we  obtain  the  Schwarzschild  line  element, 
which  implies  that  m  may  be  interpreted  as  Schwarzschild  mass. 

Perhaps  the  most  elegant  derivation  of  the  Kerr  metric 
was  published  by  Ernst  [18]  who,  unlike  Kerr,  proceeded  from  the 


' 


20. 


assumption  of  axial  symmetry.  The  metric  for  a  stationary  axially 
symmetric  vacuum  field  is  given  by 


ds2  =  &ndt2  +  2g14d«J)dt  +  g22dx2 


(3.10) 


+  2g23dx2dx3  +  g33dx3  +  g44d<J>2 


where  it  is  assumed  that  the  g^  are  independent  of  t  and  <j>  . 
This  metric  is  by  hypothesis  invariant  under  a  simultaneous 
inversion  of  t,  <J>.  It  was  shown  by  Papapetrou  [19]  that  (3.10) 


can  be  put  in  the  form 


,  2  --lr  2v,,  2  .  2,  2, 

ds  =  f  [e  (dp  +dz  )+p  dcj>  ] 

-f  (d t— ipdcf> )  2 


(3.11) 


where  f  =  f(p,z),  v  ■  v(p,z),  ip  »  \p(p,z).  The  vacuum  field  equations 
may  be  written  as  (the  subscripts  denote  differentiation  with 
respect  to  that  variable) 


v 

P 


2  2  f  2  2 

(f  -f  )  -  7-  or-/) 

p  z  4p  p  z 


v 

z 


2f 


^f  f  - 4- *  * 

2  p  z  2p  p  z 


fV2f  -  (7f ) 2  =  -  ~  (W2 

P 


(3.12a) 

(3.12b) 


(3.12c) 
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where 


(3.12c)  and 
and  (3.12b) 
such  that 


and  hence  we 


Noting  that 


2  2 
(rr-  *„)„  +  (-V  “  0 

p  p  p  p  Z  Z 


(3 . 12d) 


V2f  =  f  +  -  f  +  f 

PP  P  P  zz 

2  2  2 

(vfr  -  f'  +  £ 

P  z 

(3.12d)  are  integrability  conditions  for  (3.12a) 
It  follows  from  (3.12d)  that  there  exists  a  G> 


2  2 
f  f 

-  \b  =  <J>  ,  -  \b  sa  -  $ 

p  P  z  p  z  p 


may  write  (3.12c)  as 


fV2f  -  (Vf)2  -  -(V$)2, 


\b  *  \b  we  may  rewrite  (3.13)  as 
rpz  zp 


fV  $  ■  2Vf*V$  . 


(3.13) 


(3.14a) 


(3.14b) 


If  we  now  define  a  complex  function 


22. 


£,  -  f  +  i* 

.  iri 

5+1 


(3.15) 


equations  (3.14a)  and  (3.14b)  may  be  written  as 


(££*-l)V2£  -  2£* (VC)2  (3.16) 

* 

where  £  is  the  complex  conjugate  of  £  .  Introducing  prolate 
spheroidal  coordinates 


p  -  (x^l^U-y2)*4 
z  ■  xy 


and  rewriting  (3.16)  with  the  help  of 


(3.17) 


’2  -  ^4  4  <x2-2>  4 +  £  <2-y2>  &  »-i8> 

x  -y  ^  J 


VA*  VB 


2  2 
x  -y 


r,  2  ..  3A  3B  ,  2v  3A  3B. 

[(x  -x)  +  (1-y  >  a7] 


it  is  noticed  that  £  »  x  is  a  solution  of  (3.16)  .  This  corresponds 
to  the  Schwarzschild  solution  if  we  identify  r  ■  x  +  1,  cos  0  -  y 
and  length  measured  in  uhits  of  m.  Ernst  pointed  out  that 
another  solution  of  (3.16)  is 


1o  yli  i  ■  i.1  :  .1  ('  ..  c) 


(dl.£) 
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£  “  x  cos  a  +  iy  sin  a, 


(3.19) 


where  a  is  any  real  constant.  Defining  tan  a  =  a,  sec  a  -  m, 
2  2  U 

r  =  x(m  -a  )  2  +  m,  lengths  measured  in  units  of 


(m2-a 

2 

P  = 


2 

r 


+ 


and  cos  9 


a  cos  0 


y  we  obtain  ,  where 


J  2  2,  ja2  ,  dr  \ 

ds  -  p  (d6  +  ~ « — ) 

r  +a  -2mr 


2  2  2  2  2 

+  (r  +a  )sin  0d<J>  -  dt 


(3.20) 


2  mr  ,  ,  2„  , ,  x  2 

+ - 9 -  (dt+a  sin  0 d4> ) 


which  is  equal  to  metric  (1»9)  with  a  change  in  signature. 

Another  derivation  of  the  Kerr  metric  was  discovered  by 
Newman  and  Janis  [20],  They  were  able  to  obtain  the  Kerr  line 
element  by  a  series  of  complex  transformations  on  the  contravariant 
components  of  the  metric  tensor  for  the  Schwarzschild  line  element. 
A  similar  transformation  [21]  was  applied  to  the  Reisnner- 
Nordstrom  metric  to  obtain  a  "charged-Kerr"  metric 


,jB  »  ID  S_»g 


24. 


ds2  =  (1+  — — |^-)du2  +  2dudr 

P 

+  -2-(.a_sin28)  (2mr-e2)  ^ 

P 

-  2a  sin20drd<j)  -  p2d02 

2n,  2,  2,  a2sin20  (2mr-e2K 

-  sin  0(r  +a  +  - j - *-) 

P 


(3.21) 


d<£ 


2 


2  2  2  2 

with  p  =  r  +  a  cos  0 . 

It  is  interesting  to  note  that  the  authors  can  give  no 
clear,  simple  reason  as  to  why  the  series  of  transformations 
should  yield  any  solution  to  the  field  equations,  much  less  the 
Kerr  or  "charged-Kerr"  metrics. 


CHAPTER  IV 


THE  "KERR-VAIDYA"  METRIC 


It  was  seen  in  the  analysis  of  the  Vaidya  solution  that 


in  order  for  radiation  to  occur  we  must  have  a  nonstatic 
line  element  where  m  ■  m(r,t)  or,  in  radiation  coordinates 
(u,r,0,<f>),  m  =  m(u),  where  u  is  retarded  time.  As  it  is  our 
hope  to  obtain  a  "radiating  Kerr  metric",  that  is,  the  exterior 
metric  of  a  radiating  rotating  body,  it  was  thought  that  we 
should  also  assume  that  a  *  a(u).  That  is,  we  should  allow  for 
possible  variation  in  the  angular  momentum  per  unit  mass. 

The  field  equations  were  hoped  to  be  some  generalization 
of  the  Vaidya  equation 


(4.1) 


where  v^v"*-  “  0.  However,  this  turned  out  not  to  be  the  case. 
Preliminary  calculations  based  on  the  metric 


ds2  -  (1-  — ^5du2  +  2dudr 

.  P  .  2. 


4mra  sin  9 
1  p2 


-  2a  sin20drd<j>  -  p2d02 


-  sin20(r 


(4.2) 


al3A3e«on  b  ayr.tf  ae-.n 
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2  2  2  2 

with  p  =  r  +  a  cos  0  ,  m  =  m(u)  and  a  =  a(u)  led  to  the 


two  equations 


R 


(4.3a) 


R 


2 

2aa’r  sin  6  cos  6 


(4.3b) 


23 


4 

P 


Equation  (4.3a)  implies  that  ■  0,  which  by  (4.1)  implies 
that  R22  *  0.  However,  this  is  not  the  case  unless  we  assume  a' 
Even  though  some  generality  is  lost  by  this  assumption  it  has  a 
further  attraction  in  that  it  makes  the  computation  of  the  field 
equations  far  less  prohibitive. 


The  condition  a'  »  0  seems  to  imply  that  we  are 


considering  only  those  bodies  whose  angular  velocity  and  radius 
are  unaffected  by  the  radiation.  This  follows  from  the  fact  that 


2 

rotational  inertia  of  a  spherical  body  is  proportional  to  mR  , 


m  being  the  mass  of  the  body  and  R  the  radius.  Therefore, 


2 

the  angular  momentum  is  proportional  to  mR  w  where  w  is  the 


angular  velocity  and  hence 


_2 

a  «  R  w  . 


(4.4) 


A  model  might  be  a  hollow,  radiating  sphere  that  has  a  constant 
angular  momentum  per  unit  mass,  but  as  its  density  need  not  remain 
constant  it  could  still  realize  a  net  mass  change. 


♦ 


|  ijgj;  1 
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The  remaining  components  of  the  Ricci  tensor  were  calculated 
using  metric  (4.2)  with  the  assumption  a'  ■  0.  We  refer  the 
reader  to  appendix  B  for  the  Christoffel  symbols  and  other 
calculations  and  note  the  results  here. 

The  metric  tensor  in  radiation  coordinates  is 


1 

0 

0 


0 

0 

2 

-P 


-a  sin  0 


(4.5a) 


g  =  det  g 


4  ,  2o 

-p  sin  0 


(4.5b) 


and 


(4.5c) 
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from  which  we  calculated 


2  2  2  2  2 
M/ra  sin  0N  ,  ,  2r  (r  +a  ) 

11  -  “  <— — >  +  m  - 6 -  ’ 

P  P 


R, =  m 


(4.6a) 


2  2  2 

«  /  .  ,  m’(r  -a  cos  9), 

R-  ,  =  (-a  sin  0)  [R, ,  +  - r - ~]  , 


14 


11 


(4.6b) 


c44 


,  2  .  4„w„  ,  2m’ (r2-a2cos20) 

(a  sin  0)  [Ru  +  - - - ^ - - -] , 

P 


(4.6c) 


R 


2 

2mfra  sin  0  cos  0 


13 


R^  ■  (-a  sin  0)R13> 


R12  “  R22  =  R32  “  R33  R24  =  °* 


(4. 6d) 
(4.6e) 
(4.6f) 


Equations  (4.6)  may  be  written  compactly  in  tensorial 


notation  as 


R„  ,  =  -  8TTq(w.w.+w0a.+a,w.) 
ij  i  j  i  j  i  j 


(4.7) 


where 


w.^  =  (1,0,0, -a  sin  9) 


(4.8a) 


a 


i 


(0,0, a, -8a  sin  9) 


(4.8b) 
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and 


a 


8Tiq  R13 


(4.8c) 


2  2  2 

1  m'  (r  -a  cos  9) 

87Tq  4 

P 


(4 . 8d) 


It  follows  that 


ij 
g  w 


j 


(0,1, 0,0). 


(4.9) 


Hence 


i 

w  wi  = 


0, 


i 

w  a, 


0, 


(4.10) 


and  we  conclude  that 


R 


ii 

-  87rqg  J  (w^+w^j+a^)  =  0. 


(4.11) 


This  result  implies  the  energy  tensor  has  the  form 


Tu  "  <J(wiwj+viaj+aiwJ>- 


(4.12) 


Another  immediate  observation  is  that  if  a  -*  0  then  metric  (4.2) 
approached  the  Vaidya  metric.  But  when  a  =  0  we  have  that 


30. 


ai  =  0  (4.13a) 

w^  =  0  (4.13b) 


and  equations  (4.7)  reduce  to 


Rij  "  "  87T<*wiwj 


(4.14) 


with  w^  =  (1,0, 0,0),  which  is  Vaidya's  form  of  the  field  equations. 


CHAPTER  V 


SOME  PHYSICAL  ASPECTS  OF  THE 


u 


KERR-VAIDYA"  METRIC 


In  this  chapter  we  will  be  concerned  primarily  with 


certain  physical  interpretations  of  the  radiating  Kerr  metric  where 
we  assume  that  a  is  small.  One  reason  for  this  assumption 
is  that  at  a  sufficiently  large  distance  from  the  rotating  body 
we  expect  the  radiation  to  be  directed.  This  suggests  that  the 
field  equations  should  be  asymptotic  to  the  form 


(5.1) 


where  =  0*  This  form  may  be  obtained  by  neglecting  terms 

o 

of  order  a  in  equation  (4.7).  That  is,  we  may  write  (to 


first  order  in  a) 


(5.2) 


and  define 


-3  2 

vi  "  Wi  +  ai  “  d,0,0,  -y  a  sin  9). 


(5.3) 
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Since 


i 

v 


has  the  form 


v1  -  (0,1,0,  j-^) 

r 


(5.4) 


it  follows  that 


i 

V  V 


0 


(5.5) 


Therefore,  in  the  following  analysis,  we  will  use  the 
"approximate"  form 


R±.  -  -  Sirqv^j 


(5.6) 


where 


(1,0,0,  a  sin^Q) 


instead  of  field  equations  (4.7). 


The  first  problem  we  consider  is  to  find  the  effect  that 
the  rotation  has  on  the  path  of  a  photon.  The  form  of  (5.6) 
implies  that  the  photon  path  is  given  by  equations  of  the  form 


i  i/rN 
x  -  x  (5)  , 


dx 

d£ 


^  v 


(5.7) 
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The  solution  to  (5.7)  is  evidently  a  null  curve;  the  fact  that 
it  is  indeed  a  null  geodesic  can  be  shown  as  follows.  Geodesics 
are  determined  by  the  equation 


,2  i  ,  j  ,  k 

d  x  ,  i  ,  dx  dx 

d?2  ljk*  d5  dC 


♦  CO 


dx 

dC 


(5.8) 


which  may  be  written  as 


&  .dx  v 
6C  K  d$; 


dx 

d5 


But 


6  .dx  v 

6C  *  d?' 


_6_ 

<$£ 


(5.9) 


(5.10) 


hence  the  equation  for  a  null  geodesic  is  equivalent  to  the 
condition 


♦  (Ov1. 


However,  from  the  conservation  equation 


we  obtain,  since 


qvVj , 


(5.11) 


(5.12) 


»/  •  f 
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(qvl);ivj 


i 

-qv  v 


j;i 


(5.13) 


or 


vS;i  “ 


(5. 14) 


which  of  course  implies  (5.9). 


The  solution  to  the  differential  equation 


(0,1,0,  i-^) 

r 


(5.15) 


has  the  form 


(5.16) 


Let  us  now  consider  a  photon  leaving  the  surface  of  the 
star,  say,  at  the  point 


r»R,  <t>“0,  0  -  . 


The  trajectory  of  the  photon  is  described  by  the  equation 


35. 


r 


Rot 

a -<f) 


where  a 


If  we  put 


x  ■  r  cos  <j>,  y  ■  r  sin  <f> 


we  have  that 


dy  _  tan  <f>  -  (tj>-g) 
dx  1  +  (<J)-a)  tan  <f> 


and 


A  =  { _ (<t>-oQ  sec  (f)  1 2 

d<f>  Mx;  ll  +  (<f>-a)  tan  a 


Therefore,  ^  is  an  increasing  function  of  <J>  .  Since 


Mx^(f>“0 


a 


(iX) 

vdx/<f>  -a 


tan  a  >  a 


(5.17) 


(5.18) 

(5.19) 

(5.20a) 

(5.20b) 


we  have  that  the  trajectory  of  the  photon  is  concave  upward  and 
asymptotic  to  a  line  with  slope  tan  a  .  (see  diagram  5.1). 


' 
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(5.26c) 


u 


2ma  sin  0 


^-aUsin20  - 
dx 


a  sin  6 


U  (5.26d) 


2 

where  we  have  neglected  0(a).  From  the  normalizing  condition 

u^u  =  1  we  obtain  that 

U 


du  1 


di  a  +  U 


(5.27) 


where 


ct  -  (U2  +  1  -  — )** 

r 


and  hence,  since  q  “  u^u^T^,  we  have  that 


11 


1  s2 


« “ u  u  T11  “  w q- 


(5.28) 


If  we  again  define  luminosity  as  in  (2.29)  we  have  that 


L  =  lim  4TTr2q  (5.29) 

00 

r  oo 

U  +  o 


the  amount  of  mass  radiated  per  unit  time. 


. 


f 


Y 
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Suppose  the  equation  of  the  asymptote  is 


y  =  (tan  a)x  +  b,  (5.21) 


then  for  large  x  and  y  we  have  that 


r=  [ (x  tan  a  +  b)^+x^]2 


Ra 


a-Arctan 


(5.22) 


from  which,  letting  x  ->  °°,  we  obtain 

b  ■  -y  sec  a  .  (5.23) 

Equation  (5.23)  enables  us  to  calculate  the  "apparent 
deflection"  A  .  That  is,  a  distant  observer  would  see  the 


3srf:  svsri  aw  ^  f>na  x  sj  ral  ioi  irs.^ 
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star  shift  by  an  amount  A  if  the  star  was  initially  at  rest 
and  then  began  to  rotate,  since  in  the  nonrotating  case 
the  light  would  travel  along  a  radial  line  whereas  in  the 
rotating  case  the  light  would  travel  along  our  geodesic. 

(see  Diagram  5.1). 

Evidently 


A  “  (-b)  cos  a 

(5.24) 

a 

*  2  * 

We  now  define  as  in  the  Vaidya  analysis  q  to  be  the 
energy  density  of  the  radiation  measured  locally  by  an  observer 
moving  with  four  velocity  u^ .  For  convenience  we  choose 


du 

dx 


U,  0,  U) 
2r 


(5.25) 


where 


U 


dr 

dx 


Hence 


u 


1 


(1  -  fr +  u 


(5.26a) 


du 

U2  =  dx 


(5.26b) 
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We  now  wish  to  calculate  the  total  angular  momentum  in 


the  system  using  the  pseudo-tensors  given  in  Landau  and  Lifshitz  [22]. 
We  first,  however,  must  transform  the  radiating  Kerr  metric  (A. 2) 
to  an  asymptotically  flat  coordinate  system.  The  transformation 
that  will  do  this  is  given  by  Kerr  (see  appendix  A,  equations  (A. 2) 
(A. 3)) 


r  cos  6  -  z. 


(5.30) 


u 


r . 


The  resulting  metric,  neglecting  terms  of  order  a  ,  is 


o  2  2  2  2 

ds  *  -  (dx  +dy  +dz  )  +  dt 


-Sj  [xdx+ydy+zdz-rdt+  (xdy-ydx)]2  (5.31) 

rJ  r 


where 


This  metric  may  be  written  as 


(5.32) 


-  (1+  +  *SK 2  )dy2 


r 


r 


r  r  r  r 


•;&  ■  I 
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+  2(^f)dzdt  +  2<-  -  2ma(.?V))dxdy 

r  r  r 


+  2(?^f  +  ^S|£)d*d« 

r  r 


,  0/-2mzy  2maxz.  ,  , 

+  2( - - )dydz. 

r  r 


Hence  to  the  first  order  in  a  we  have 
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ij 


2m  .  ay. 

T  (x"  r‘ 1 
r 

.  2m.  2  2ayx. 

r 


2m.  ,  ax. 

T(y+  — ) 

r 

z|s[xy+  a(xl-X22) 


2mz 


=*£  [xy+  a(Vy2)]  -1-  ^f(y2+ 

r  r 


■2mz  ,  ay. 
—  (x-  r  > 


-2mz  .  .  ax. 

—  (y+  —) 


-2mz 


(x- 

3  ^  r  } 


-2mz,  ,  ax. 
j-(y+  — ) 


-1- 


2mz‘l 


(5.33a) 


g  -  det  -  -1 


(5.33b) 
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2mz 
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r 

2  2 

2mxy  .  ma(x  -y  ) 
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-1+  (y+  ) 
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r 
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—(y+  — ) 


-1  + 


2mz‘ 


(5.33c) 
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,1,,,^:  *2fH*  .  _)s  4  3bs  ;M  >£  + 


sb,bC^  +  iSS£z)S  , 


4- 


avBrf  9w  s  at  *9bio  !JaiJkl  srto  od  sansH 


,  :i  .  .TTS 


:  £ 


>  *  _nsex£-  xysS  .£  *  n£ 


(dee. a) 


(f  m  fS. 


If  we  now  define 


a 


*.  ,  ay  .  ax  s 

v  “  (x  -  ,  y  +  —  ,  z) 


a  ,  au 
x  +  — 


a 


(5.34) 


where  xa  =  (x,y,z),  ua  -  (-y,x,0),  (Greek  letters  in  the  following 
analysis  take  on  the  values  2,3,4),  we  obtain 


a3  r.a$  ,  2m  a  3 
g  -  6  +  — j  v  v 

r 


(5.35a) 


g 


la 


2m  a 
—  v 

r 


(5.35b) 


11  -.,2m 

g  “  1  +  —  . 


(5.35c) 


We  are  now  in  a  position  to  determine  the  angular  momentum.  By 
definition  [23]  the  angular  momentum  three  tensor  is  given  by 


m“B  .  /  (x°‘h6l^X6halY+x“1^)df, 


(5.36) 


where 


h6lY  -  is?  i  (-»)  <*6V%Svgh]  >m 

_  -v  31ym 


,m 


(5.37) 


—  x 


gBlwoIXoi  9 rf3  ni  aiejfldl  MasrO)  t(0txt^-)  -  °u 
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where  m  *  1,2, 3, 4. 

The  surface  of  integration  in  (5.36),  for  our  case,  will  be  that 

2  xa 

of  a  large  sphere  so  that  df  =  n  r  sin  9dedd>  and  n  «  —  . 

°  a  a  T  a  r 

Substituting  (5.35)  and  (5.37)  into  (5.36)  we  obtain 


M 


a  6  1 


/  («a*uB-«P  V) 


16tt  j  c  k  3 
S  r 


4ma  y,  a  3  8  a. 

+  — —  xT  (x  u  -x  u  ) 

r 


(5.38) 


2m  ,  a  8  8  a  m,* 

- =■  (x  v  -xv  )jdf 

2  >Y  »Y  Y 


(we  sum  over  y  ■  2,3,4). 

23 

If  we  now  consider  M  ,  the  angular  momentum  about  the 
z  axis,  we  have  that 


[ 


sa  (62Wv  2x 


Y 


2  2 
(xZ+y  )) 


2m  ,  3  2  . ,  ,  r 

- =■  (xv  -yv  )  ]  df  . 

2  ,Y  »Y  Y 


(5.39) 


a 

X 

Now  applying  equations  (5.34)  and  the  relation  df^  =  dS,  we 
reduce  (5.39)  to 


1  f  6ma(x2+y2) 


(5.40) 


, S,  *  a.  9?i*riw 


niaido  9w 


(8E.O 


(VW°  )  •*■■&)  \  :  -  8<>M 


8  J  K)  J 

(  JJ  X-  r  x)‘x  —  + 


_.r/  0  a  a  jo  N  irrs 
5b  [(  V  X-  1/  x)  *<r - 


(A'£,£  -  y  1&vo  mu  **0 


j  iuocf/.-  nr.  Jnsfflom  lalugrjB  srto  ,  i •  =b±r  noo  in  -  ;  5.E 


3b  no±3sl9i  9/Ji  bne  (A£.c)  anoJtJ^i/ps  iTt^Iqvji  woM 


(0A.O 


.«•  r  \  -i 
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A  straight  forward  calculation  shows  that 


ma. 


On  the  other  hand, 


vr24  _  1  r  r2ma  ,  ^y^  4ma  y, 

M  is?  /  [—  (y6  >  — x  (yz) 

Sr  r 


2m  f  4  2  N  , , . 

- r  (xv  -zv  ) ] df 

r2  >Y  » Y  Y 


(5.41) 


which  reduces  to 


(5.42) 


It  may  be  shown  that  M  is  in  fact  the  only  nonzero  component  of  angular 
momentum  three-tensor . 

The  above  results  have  the  following  implications.  If 

R  is  sufficiently  large  so  that  terms  of  order  ^  are  negligible 

K 

2  2  2  2 

Vith  respect  to  unity  then  the  sphere  of  integration  x  +  y  +  z  »  R 
contains  angular  momentum  described  by  the  three  vector 


H  -  (0,0, ma) 
a 


(5.43) 


awon  .i  r:Oi:3Alt/oIao  jtuwtoI  3rf;  .  A 


tbrrarf  txsrfao  9ff3  nO 


M 
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where  m  =  m(t-R) .  At  a  time  At  later,  will  be  reduced  because 
m  is  assumed  to  be  a  decreasing  function.  Evidently,  the  angular 
momentum  radiated  per  unit  time  will  be 


lim 
At  •*  o 


m(t-R)a  -  m(t+At-R)a 

At 


-mf  a. 


(5.44) 


We  now  wish  to  turn  our  attention  to  a  particular  model 
which  might  exhibit  a  radiating  Kerr  metric.  It  has  been  pointed 
out  by  De  la  Cruz  and  Israel  [24]  that  a  non  radiating  rotating 
shell  is  a  possible  source  of  the  Kerr  metric.  This  is 
substantiated  by  the  fact  that  they  were  able  to  join  the  Kerr 
metric  continuously,  in  a  first  approximation,  to  a  flat  interior 
line  element.  A  similar  analysis  will  show  that  the  radiating 
Kerr  metric  may  also  be  joined  continuously  to  a  flat,  interior 
line  element. 

The  radiating  Kerr  metric  (4.2)  induces,  neglecting 
2 

orders  of  a  ,  the  intrinsic  metric 

2 

, ,  2^  ,,  2m(u)N  ,  2  ,  4ma  sin  8  , 

(ds  )z  -  (1 - r  )du  +  - r -  dud<J> 

-  R2d02  -  R2sin26dcJ>2  (5.45) 

on  the  hypersurface  £  :  r  *  R.  A  flat  interior  metric  may  be 


written  as 


gnlasiLai  -sni  woria  IXw  aXe^Iana  lal.  la  A  .  5*13219 la  sail 

lolisa  li  ,2b  i*  bo  ^  5  I'Mjj  be  xc  9d  oplb  :  ^lixsai  119^ 


•  '  Jiitbb 

0XT39in  3l3i  tlCnx  I  !3  t  B  io  BldbTO 


«  >  -  W  -£t  - 1)  -  ,(sBb) 
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2  22222?  ? 

ds  «  -dr  -  r  d0  -  r  sin  0d$  +  dt  (5.46) 

which  reduces  to 


(ds2)j.  -  -R2(de2+sin29dt2)  +  dt2 


(5.47) 


on  £  :  r  ■  R. 

If  we  now  define 


$“<*>  +  /  2m~^)a  du  (5.48) 

RJ 

t  -  /  (I"  ^)du 

metric  (5.47)  transforms  into  metric  (5.45). 

In  other  words  the  above  pair  of  compatible  metrics  might 
be  considered  as  describing  the  field  of  a  slowly  rotating 
"insulated"  spherical  shell.  The  radiation  is  from  the  outer 
boundary  only, as  the  flat  interior  would  require  that  there  be  at 
most  a  negligible  amount  of  radiation  on  the  inside  of  the  sphere. 
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APPENDIX  A 


FORMS  OF  KERR  METRIC 


The  metric  first  given  by  Kerr  [25]  in  1963  is 

2  2  2  2  2 
ds  =  p  (d6  +sin  0d<J>  ) 

+  2(du+a  sin^0d<f))  (dr+a  sin^ed<J>)  (A.l) 

-  (1-  (du+a  sin^0dcj>)2 
P 

2  2  2  2 
where  p  *  r  +  a  cos  0 . 

This  metric  differs  from  metric  (4.2),  as  well  as  the  one  given 
by  Newman  et  al  [26],  by  a  change  in  signature  and  the  transformation 

u  ■+  -  u 

(A.  2) 

t  +  -  t 

and  it  differs  from  the  metric  given  by  Carter  [27]  by  a  change 
in  the  sign  of  a.  Kerr  points  out  in  that  paper  that  metric 
(A.l)  may  be  transformed  to  an  asymptotically  flat  coordinate 
system  by  the  transformation 

(r-ia)e^sin  0  *  x  +  iy 

r  cos  0  -  z  (A. 3) 

u  ■  t  +  r 


r 


. 


(£■  A) 
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the  metric  becoming 


2  2  2  2  2 
ds  =  dx  +  dy  +  dz  -  dt 


2mr  rr  (xdx+ydy)+a(xdy-ydx)  zdz+rdt-.2  , 

4  2  2  1  ,  2^  2,  r  J 

r  +a  z  (r  +a  ) 


where  r  is  defined  by  the  equation 


4  ,  2^  2^  2  2,  2  2  2  n 

r  -  (x  +y  +z  -a  )r  -  a  z  =  0 


(A. 5) 


Boyer  and  Lindquist  [28]  apply  the  transformation 


2  2  U  -la 

x  =  (r  +a  )  sin  0  cos  (<J>- tan  — ) 


y  =  (r2+a2)^sin  0  sin  (<}>-tan  ^  ^-) 


(A.  6) 


z  “  r  cos  0 


to  metric  (A. 4)  and  obtain 


ds2  *  dr2  +  2a  sin20drd<}>  +  (r2+a2)  sin20d<}>2 

+  p2d02  -  dt2  +  (dr+a  sin20d$+dt) 2  (A. 7) 

P 

They  further  present  the  transformation 


£  £  £,££££,  £ 


£ 


l  Jfc+$b8  rxlr.  ,t\  ib'  -  •  '  ,  -  t  t  f 


48. 


r  =  r,  0  =  6 


d<j)  =  d<j>  +  a  — — 


dr 


r  -2mr+a 


dt  =  dt  -  2m r 


dr 


2  2 
r  -2mr+a 


(A. 8) 


which  will  take  metric  (A. 7)  into 


.  2  2  f  dr 

ds  =  p  (■ 


r^-2mr+a^ 


2  2  2  2  2 

+  d0  )  +  (r  +a  )sin  0  dcj> 


(A. 9) 


-  dt^  +  (a  sin^  d<J)  +  dt^  . 
P 


The  (r,0,<j>,t)  coordinates  are  referred  to  as  Schwarzschild 
coordinates, as  metric  (A. 9)  reduces  to  the  standard  Schwarzschild 


metric  when  a  =  0. 
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APPENDIX  B 


CALCULATION  OF  THE  FIELD  EQUATIONS 
FOR  THE  "KERR-VAIDYA"  METRIC 


The  metric  tensor  for  the  "Kerr-Vaidya"  line  element 
is  given  by  equations  (4.5).  However,  in  the  following 
calculations  it  was  advantageous  to  use  the  following  form 


( 


8ij 


1  +  a  1  0  a3 

10  0  3 

0  0  -p2 3  0 

a3  3  0  -3 2  (l-a+y2) 


(B. la) 


2  2  2 

g  =  determinant  g^  =  -3  p  y 


(B. lb) 


g 


ij 


-2 

y 

,  2  -2 

(1+Y  )y 

0 

((3Y2)"1 


2  -2 
(1+Y  )Y 

((1+y2)y  2+ot) 


(-3Y2)"1 


0 

0 

-2 


(By2)'1 

(-By2)-1 


o 


o  -(By) 


-2J 


(B.lc) 


where 


P  = 


2  2  2 
r  +  a  cos  0 , 


3  =  -  a  sin  0, 


(B .  2) 


a 


-2mr 


2  * 


Y 


2  2 
a  sin  0 


(Bl.S) 
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The  Christoff el  symbols  are  given  by 

iJ 


r  i  .  imr  a.  -i 

[j  k>  ”  g  [jk.m] 


(B.3) 


with 


[Jk,m]  2  [gjm,k+gkm,j  gjk,m] 


where 


8jk,m  "  8jk 


The  Ricci  tensor  R  is  given  by 

J  ^ 


Rj£  Rji£ 


-  [log 

+  <«V<i7  -  'io®  <-Ai{*V- 


(B.4) 


We  did  not  calculate  each  R^  explicitly  but  rather  wrote  the 
Christoffel  symbols  in  the  form 


{  1  }  =  {  1  >*  +  r1 
lj  k'  h  k1  +  jk 


(B.5) 


i  * 

where  { .  ,}  are  the  Christoffel  symbols  for  the  usual  Kerr 
J  k 

i 

metric  in  which  m  is  constant.  The  terms  r,,  involved 

jk 

terms  depending  on  m'  and  m" .  It  follows  that 


Rij  Rij  +  rij 


(B.6) 


u7  +  t  *  *  c*a 
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where 


r 


ij 


* 

R,„  is  the  Ricci  tensor 
ij 

i 

involves  the  terms  rt.  . 

Jk 


i  * 

formed  from  the  { .  ,  }  while 

3  k 

* 

Since  R,„  =  0  we  have  that 

ij 


Rij  "  fij  • 


(B.7) 


Hence  we  may  ignore  the  "starred  quantities"  where  they  do  not 
affect  terms  involving  m’  or  m". 

The  Christoffel  symbols  are 


{ 

{ 

{ 

{ 

{ 

{ 

i 

{ 


1  1J 


1  2‘ 


1  3' 


1  4‘ 


2  2' 


2  3 

i 

2  4 


} 


> 


3  3 


,  1  *  m*  ra^sin^Q 

ll  l1  4 


{  1  >* 

li  3; 


r  1  *  m'ra^sin^Q 
ll  4*  4 


=  0 


,  l  „  * 

1 2  3; 


r  1  i* 

*  { 2  4 


{  1  }* 

l3  3J 
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{  1  }  =  {  1  }* 
l3  V  i3  b 


*  ,46 

r  1  1  r  1  ,  m’ra  sin  0 

{4  4}  =  {4  4} - 4 - 


r2,.2,*  m’  ra2sin20  m'r 
1  1  =  1  1  +  4  2 


2  2  * 
X1  2t  X1  2^ 


<iV  - 0 


r  2  t  r  2  ,*  m'ra^sin^0 
{1  4}  “{14} - 4 - 


{2  2}  “  0 


2  ?  * 
{  }  =  {  } 
l2  3;  l2  3J 


2  2  * 
l2-  ^  X2  4; 


2  2  -  * 
{  Z  }  =  {  i 

l3  3;  l3  3J 


2  2  * 
X3  V  l3  4; 


2  4  2  2 

,  2  r  2  m’ra  sin  0  n  a  sin  0. 

(4  4'  "  4  4  +  2  U  2  ; 


2  3  * 

{  }  =  {  } 

xi  r  xi  i 
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{  3  }  a 

4  2; 

■  0 

{  3  }  = 
4  3* 

•  0 

{  3  }  = 
4  V 

3  * 

’  <14> 

{  3  }  = 
l2  2 

*  0 

{  3  }  8 
1  2  3; 

3  * 

^2  3; 

{  3  }  = 
4  4; 

,  3  * 

’  {2  4} 

{  3  }  ' 
1  3  3 

.  {  3  }* 

1  3  3 

{3V  ■ 

=  0 

{aV  ■ 

.  {  3  }* 
l4  4' 

4  r 

,  4  *  m'ra 

8  4  r  4 

P 

<lV  ' 

.  {  4  >* 

'l  2; 

<lV  ' 

4  * 

a  {  } 

4  3; 

<lV  ' 

2  2 

,  4  n*  ,  m’ra  sin  0 

=  4  4}  +  4 

P 
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{2V  ■ 

=  0 

<2V  ' 

4  * 

-  <2  3} 

rS 

•<r 

Cs| 

=  {  4  }* 
l2  V 

<3V  1 

4  * 

*  <3  3} 

{3V ■ 

-  {  4  }* 
l3  h 

{*V  ■ 

r  4  *  m’ra^sin^B 

(4  4  4 

P 

The  ’’starred"  Christoffel  symbols  are 


{  1  }* . 
li  r 

2  2  2  2  2 
-m(r  +a  ) (r  -a  cos  0) 

6 

P 

{  1  }*  ■ 
ll  2s 

»  0 

{  1  }*  . 
ll  3J 

2 

-2ma  r  sin  0  cos0 

4 

P 

{A}  ■ 

2  2  2  2  2  2 
am(r  +a  )sin  0(r  -a  cos  0) 

6 

P 

<2V*  ■ 

-  0 

{ 1  }* . 
2  3 

2 

a  sin  0  cos  0 

2 

P 

r  1  3* 

2  4 

.  2a 
ra  sin  0 

2 

P 

£  ilk  \t  '  2f! 
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{ 1  }* . 
3  3 

2  2 
r(r  +aZ) 

2 

P 

{  1  }*  ■ 
'3  4; 

3  3 

2mra  sin  0cos  9 

4 

P 

{  1  }*  ■ 
l4  4' 

0  2  .  40,  2  2  2qN  2  2 

r  .2.  ma  sin  6(r  -a  cos  9),  r  +a 

*  L r  sin  0  ^  2 

P  P 

{  2  }*  ■ 
*i  r 

2  2  2  2  2 
r2mr-(r  +a  ),,m(r  -a  cos  9), 
l  2  JL  4  J 

P  P 

r  2 
{1  2} 

2  2  2 
m(r  -a  cos  9) 

4 

P 

{  2  }*  ■ 
ll  3J 

•  0 

2  * 
X1  4* 

r2mr-(r2+a2)1 r  ,  2n ,  2  2  2„N , 

■  [ - ^ - -][am  sin  9  (r  -a  cos  0)] 

P 

2  * 

{  }  ■ 
1  2  2 

•  0 

2  ,  * 

{  1  a 
1 2  3 

2 

-a  sin  0  cos  0 

2 

P 

2  * 

{  }  a 
l2  4; 

2  2  2 

j  2n  r  r  ,  m(r  -a  cos  0)n 
*  -  a  sin  0  [  2  +  4  J 

P  P 

{  2  }*  ■ 
1 3  3; 

-  r[2fflr-(f+a2)] 

P 

2  * 
l3  V 

=  0 

o  * 

l4  4; 

O  ,  2^  2.  0  2  .  4a  >  2  2  2_. 

r2mr-(r  +a  ) r  .  2Q  ma  sin  0(r  -a  cos  0K 

■  [  2  ][r  sin  9  4  '] 

P  P 

' 


r  til  8  JS.  - 
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{ 

{ 

{ 

{ 

{ 

{ 

{ 

{ 

{ 

{ 

{ 

{ 

{ 


3  }* 

i  r 


3  * 
1  2* 


3  * 
1  3* 


3  T* 
1  4 


3  !■* 
2  2i 


3  ,* 
2  3; 


3  * 
2  4* 


3  I* 
3  3; 


3  * 

3  ^ 


3  ,* 
4  4* 


4  * 

1  V 


4  }* 
1  2; 


4  * 
1  3; 


-2mra  cos  8  sin  0 


0 


0 


2  2 

2mar(r  +a  )sin  8  cos  8 


-a  sin  0  cos  0 


-a  sin  0  cos  0 


2  2  2  3 

1  r/  2,  2,  j  A  ,  2mra  ,, ,  (r  +a  )sin  0cos  0Nn 

— 2  [(r  +a  )sin  0  cos  0  +  — ^ — (1+  -  2 - ')] 

P  p  p 


2  2  2 
-ma(r  -a  cos  8) 

6 

P 


-2mar  cot  0 


£  riia  6  >  s  i  £  . 


£  r 


3L  .  *{  e  } 


aoo  8  nJke  C  »+  i)  ] 
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{  4  }* 
4  4 


2  2  2  2  2 
a  m  sin  8(r  -a  cos  6) 


<2V*  -  0 


r  4  a  cot  0 

{  2  3} - 2 


r  4  ,*  r 

{2  4}  1 

P 


{  4  }*  -  — 
3  3  2 

P 


f  4,!*  ^  .  2mra  sin  0  cos  0 

{3  4}  '  cot  6  + - 4 - 


r  4  ■.*  ar  sin  0 
^  4  2 


3  ,  40,  2  2 

ma  sin  0(r  -a  cos  0) 


11 


Rn  ■  [log  (-g*iU  -  H111>.i-H12i>.2+ti3i>.3+{lV.4? 


+Vl><lV4l>^<3V<i><4V<lV 


+  {lV{211}+{2V{22l>+t32l>{a31W421>{2V 


+  {lV{3  l}+{2  1>{3  l}+{3  1}{3  lJ+t4  1){3  1} 


+  { 141}  { 4\ w  42l}+{  3  V  < 43l}+{  4  V ' [ 4  V 


. 


e  e  a;  ..  *f  A  , 

.  +  6  300  {a  e' 


>  >  t 


(j  '  eoc  V  ^  )Q  i ' 


-A  A' 


58. 


-  [(log  (-g)'5)  jt^jHlog  (-g)^2^l2l^+lo8  ("g)Js3{131J 


The  only  terms  that  contribute  an  m’ ,  or  m"  are 


r  1  i  r  1  i  r  1  1  ,*  2m'ra2sin20  ,  1  ,*  m,2r2a4inS 

4  iMi  r  “  4  r  4r  4  4  r  8 


r  1  •,  r  4  n  r  1  .,*r  4  ■,*  ,  m’ra2sin^0  r  4  •,  *  m'ra  r  1-,*  m,2r2a4in^0 

4  1H1  1}  "  {4  1}  {1  1}  +  - 4 •ll1  ~  —  {1  4}  -  ~ 8 - 


hVuV 


i  1  -i*/  4  i  ^  m'  ra^sln^Q  ,  4  ■,* 
ll  4'  'll'  4  'l  l' 


m’ra  ,  1  ,* 

4  4  4* 


,2  2  4  .  4 
m  r  a  sin  0 

8 


r  4  ir  4  t  r  4  T*r  4  ■,  *  ,  2m’ra2sin20  r  4  •,  *  .  m,2r2a^sin^0 
{ 4  1H4  1}  -  {1  4}  {4  1}  +  - 4 -  { 4  1}  +  - 8 - 


(log  (  g)  )  2^1  1^“  2  ^1  1^ 

P 


2  2.2.  .2 


2r  r  2  t*  ,  , r2r  a  sin  0  2r 

~~2  1  1  +  “  [ - 6 - T] 


,  1  i  r  1  ■]  *  _ii  sin  0v 

{1  1},1  {1  l\l  '  ”  (  ^4  > 


2  2  2  2  2  2  2 

-m'(r  +a  ) (r  -a  cos  0)  „  ,ra  sin  6. 

6  "  m  ^  4  ' 

P  P 


2  2  2.  2  3  2.  ,  2  2  „  2, 


^1  1^,2  “  ^1  1J  ,2 


2  ,  *  ,  rr  -a  cos  0  ,  a  sin  0(a  cos  -3r  ), 

i  >  o  +  m  l - 7  +  c.  J 


Mn  10  ,'in  a&  eludlilnoo  Juris  aim: 93  y_l  o  aril 


I  Is  1  A}  "  {1  XH;  A} 


Q 


rl  -  boo^b) 0  nle'a  0~«od  *-  t,  ,  *f  S  , 


59. 


Hence  *n  -  Rn  +  ru 


11 


Therefore 


R11  “  m 


..  rra2sin20.  ,rl  [ 2(r2+a2)-p 2] [r2-a2cos20 ] , 

[ - 4 - J  +  m  [—  + -  g - J 

P  P  P 


R 


14 


R 


14 


[log  C-^.u-^V.i  +  VxHiV 


-  [log 


the  contribution  of  the  m',  m"  come  from 


,  ,  sh  r  2  ,  ,  ,  \h  r  2  i *  mfr2a3sin^0 

108  ("8),2{1  4}  *  108  ('g),2{l  4} - 6 - 

P 


{iV,i 


,2^  2.  ,  2Q,  2  2  2qn  3  .  40 

lra(r  +a  )sin  0(r  -a  cos  0),  .  ,frra  sin  0, 
m  I - g - J  +  m  l - ^ - J 

P  P 


U2,} 


1  4  ,2  L1  4  ,2 


3  4  2  3  4 

r  2  *  ,  ra  sin  0  4r  a  sin  0, 

{,  ,.}  ,  -  ">  t - 7 - H - 1 


,  X  ,,  1  ,  ,  1  1  ,*  m'ra2sin2e  ,  1  ,* 

{1  1H1  4}  "  {1  1}  {1  4} - 4 -  {1  4} 


m'ra2sin^0  ,  1  ,*  m,2r2a^sin^0 
+  4  {1  V  8 


IX 


■  ■  - 


fi'  ;:zJLl  +  £’**  '  -l?.-,  .•.,,  „ 


,  L«|8  fill..  +  rJLe.^:^  *21*  •  :!_*£'  ^Tflj  , 


60 


{aV{144> 


r  1  i*r  4  l*  i  ra3sin4e  r  4 

{ 4  1}  {1  4}  +  m  4  {1  4} 

P 


ra2sin20  r  1  n*  ,  _,2  r2a5sin60 
+  m  - 4 -  i4  1>  +  m  - g - 

P  P 


r2irl1_r21*rli*1  lrra2sin20  r  ir  1  ,  * 

{1  1}{2  4}  "  {1  1}  { 2  4}  +m  [ - 4 - 2  { 2  4} 

P  P 


3  4 

2  4  9  *  4  *  ra  sin  fl  4  * 

<4  1><2  V  -  <4 V  <2  4}  -  'A1 


r  4  ,,  1  ,  /  4  W  1  !  K  r  1  i* 

{1  1}{4  4}  “  {1  1}  {4  4J  "m  4  {4  4} 

P 


4.6 .  ,  .  25,6. 

.  ra  sin  0  ,  4  ,  *  ,  ,  r  a  sin  0 

-m  - j -  {x  j}  +m-  - § - 

P  P 


uVuV 


{44l}*{4V*  +  “'  £^¥i{4V 

P 


,  ra^sin^0  r  4  ,  * 

m  - —  {1  4} 

P 


-  m 


,2  r2a^sin^0 
8 


2  2 

Hence  *  m"(-a  sin20)  [ra  S-|n  9-j 

P 

2  2  2  2  2 

t,  .  2„w  1  ,  2(r  +a  )  (r  -a  cos  0), 
+  m’  (-a  sin  0)  [— ~  +  — - *~z - ~] 


R 


44 


R44  “  [l0g  (-g)^,44  {4  4},i  +  {j  4}{iV 


-  [log  (-g)^] • 


A  I  I  A 

—  — -  M  +  1  r  .  >  —  r - '  m  + 

A0 

V«> *  •¥•  “  •»  -  V«'V*»  •  <»v<«v 

*r  I  1  a*  . 

A  A 


-  T  i  .  *  A  ,  6  /:»•  , 

m  + 


61. 


The  terms  contributing  m'  or  mM  are 


log  (  8)^4  4^  =  l0g  ^  ^,2^4  4^ 


2  2  2  2  4 

,  r2r  (r  +a  ) (a  sin  0) n 
+  m  [ - g - -J 


-  2  .  4.  ,  2  2W  2  2  2  .  4  ,  6a 

r  1  ,  a  sin  0(r  +a  ) (r  -a  cos  0)  „  ,ra  sin  0, 

{4  4},1  "  "  m  6  m  [  4  ] 

P  P 


r  2  1  r  2  , *  ,  _ , r(3r2+a2) (a2sin40)  4r2(r2+a2)a2sin40 n 

{  4  4}  ,2  "  {  4  4}  ,2  +  m  [ - 4 - 6 - ] 

P  P 


r  1  w  1  ,  r  1  ,*r  1  !*  ,  2m’ra3sin40  r  1  .  m,2r2a6sin80 

4  4M1  4*  m  4  4  41  4  4  41  +  8 


,  1  w  2  ,  ,  1  *  2  *  _  m,ra3sin40  ,  1  * 

4  4mi  4'  m  4  v  4  4^  "  4  4  v 


1  *  4  ,  *  m’ra4sin80  ,  4  , *  ,  m'ra2sin20  ,  1  ,* 


fA}{iV  ■  uvw"  -  4 


<iV  +  ~  ~  r v  <*v 


,226.  8q 

nr  r  a  sin  0 

8 


{  2  H  1  }  -  {  2  }*{  1  }*  -  m'ra3sln4e  {  1  }* 
'l  4n2  4'  ll  4*  *2  4^  4  '2  4; 


* 


6  nle  iV'm  *1  3  Jta'aVraS  » ,  X  ,  I  ,  r  I  ,  f  ,  , 


*,  I  ,  eAai:  e  ' ... 

i.v 


’•/  -t  \  n '•  '‘v  ^  1  e  nla^'/n 


.d  «.  A 

a8  .  d  S 

€  rJj  f  i 


62. 


r  2  1  r  4  1  !=  f  2  ]*r  4  1*  I  m»  rr(r2+a2)  (a2sin40)1  f  4 
{4  4H 2  4  4  4  2  4  +  m  4  ]{2  4} 

P 


r  4  t  r  l-i  r  4  1  ,  ra4sin80  r  4  * 

{1  4}{4  4}  "  {1  4}  { 4  4}  '  m  - 4 -  {1  4} 


,  ra2sin20  ,  1  *  m,2r2a6sin80 

+  m  - 4  4  4  - 8 - 

P  P 


{2VuV 


r  4  i*r  2  l*  I  rr(r2+a2) (a2sin40). ,  4  , 

{2  4}  4  4  +  m  [  4 -  { 2  4 

P 


uVuV 


{ 4  }*{ 4  }* 
l4  4;  l4  4; 


2m'ra3sin40  r  4  ,  * 
4  4  4 


*226,  8a 
m'  r  a  sin  6 

8 


Hence 


2  9 

^  /  2  4an  rra  sin^© n 

R44  -  m"(a  sin  0)[ - £ - ] 

P 


12 


o  /  n/  2,  2.  ,  2,  r  2  2  2a , 

+  m’  (a2ein49)  [-i  +  [2(r  +a  )+Pfi]tr  ~a  eos  ei] 

P  P 


R12  "  [log  ('g)^,12  {1  2},i  +  {j  1^  1^2^ 


-  [log  (-g)^]  ji^1i2^ 


Vs>^  -  ¥  -  +  VAV  - 


'■A  A  4  ^A  A 1 


silt  1,  U'1  £!«■  ^  ;  ’  oi5  *  U* 


‘S  X  it 


63. 


The  terms  contributing  m’  are 


r  4  ,  ,  1  ,  s  4  1  ,*  ,  ra  ,  1  ,* 

{1  1}{4  2}  {1  1}  {4  2}  ~  m  4  4  2 


r  4  lr  4  !  r  4  i*r  4  ,  ,  ra2sin20  r  4  ,* 

{ 4  1H 4  2}  “  { 4  1}  { 4  2}  +m  - 4  { 4  2} 

P 


Hence  ■  0 


R 


13 


R13  "  tl0g  (“g^,13  "  {1  3},i  +  {j  lHi*V 


[log  (-g)  ] ,±{ 1  3> 


The  terms  contributing  m*  are 


{  1  } 

ll  3  ,1 


■  -m 


,  2a  r  sin  9  cos  9 


hVhV 


{  1  }*{  1  }* 
ll  l'  ll  3J 


r  1  ,  ra2sin20 

{1  3}  m  - ~ 

P 


r  1  lf  4  ,  ,  1  i*r  4  ,*  r  4  ,*  .  ra 

{4  1}{1  3}  4  1}  {1  3}  +  {1  3} 


3  4  40 
sin  0 


<tV<xV  +  *.{eV  -  «.<  80X1 


0  X*  -:1  ,  *r  A  *,  A  t  A  ,  ,  I  , 


64 . 


{  2  }{  1  } 
X1  ln2  3* 


2  .  2 


r  2  i*r  1  •,*  ,  r  1  1*  ,  ra  Sill 

*1  1*  *  2  3  +  2  3  m  4 


6  r  1  ,*  m’r 
‘  3^  2 


j,2w^*«/2'i*/4'i*  r  4  ,*  *  ra3sin^9 

* 4  1**2  3*  *4  1*  2  3*  *2  3*  m  4 


r  4  ,  ,  1  ,  r  4  1  ,*  x  1  ,*  ,  ra 

{1  1*4  3*  "  *1  1}  *4  3*  “  *4  3*  m  4 

P 


r  4  , ,  4  ,  ,  4  i*r  4  *  ,  4  ,*  ,  ra 

*4  1**4  3*  *4  1*  *4  3*  +  *4  3*  m 


2  2 
sin  0 


Hence 


„  ,  2 

2mTra  sin  0  cos  0 


13 


22 


R22  "  ^l0g  *•  ^  ,22  “  ^ 2  2^,1  +  2^i^2^ 


-  [log  (-g)!5]ji{2i2}  . 


There  are  no  contributions  of  m1,  m".  Hence  R22  -  0. 


[log  (~g)^]>32  “  *3  2* ,i  +  *j  3**i^2* 


[log  (-g)!i];i{3i2} 


*,  A  , 

•  -  r  W  cr  -  <eV{iV 


Vc'./w  >”‘1  -  <A»tV  *  ,.V£)  -  !t  tV)  KII  - 


65 . 


As  in  ^22*  no  terms  with  m’  or  m"  appear.  Hence 


R33  [log  (  g)'S])33  {3  3}  J±  +  ( j 

-  [log  C-g^^V 


No  terms  with  m’  or  m"  appear.  Hence 


[log  (-g)^] j2A  -  {2X4} 
[log  (-g)^]  *±{  2i4>  • 


j 

i  4 


} 


The  terms  contributing  m'  or  m"  are 


t412>{A> 


r  1  4  ,*  m* ra^sin^S  ,  1  ,* 

*  4  r  U41  4  *4  V 

P 


{442}{444> 


4  *  4  m’ra^sin^Q  ,  4  ,* 

*4  V  4  *4  2^ 

P 


.  iB9qq£  "m  10  ni  r!3lw  ennoj  on  «  at  eA 


66 . 


Hence 


R24  “  °- 


R 


34 


R34  =  tlog  (  8)^,34  "  ^ 3  4},i  +  3}{iV 


-  [log  (-g)J5]>1{3V  . 


The  terms  containing  m'  or  mM  are 


^3  4^,1 


m 


3  3 

,  2ra  sin  8  cos  6 


3  ,  4, 


r  1  w  1  3  r  1  3*r  1  3*  ,  ,  ra  sin  8  r  1  ,* 

{1  3}{1  4}  ■  {1  3}  {1  4}  +  ”  - —  {1  3} 


,  1  , ,  2  ,  ,  1  2  ,*  ,  ra3sin48  ,  1  ,* 

{ 2  3H1  “  i2  3^  4^  "  m  - 4 -  *  2  3^ 

P 


r  1  it  4  \  r  1  4  *  ,  ra2sin26  ,  1  * 

*4  3^1  4}  “  4  3}  4  4}  4  (4  3} 

P 


,  4  Xf  1  ,  ,  4  1  *  _  .  ra4sin68  ,  4  -* 

*1  3^4  4^  “  1  3  ^4  4  4  {1  3* 

P 


67. 


r  4  „  2  ,  f  4  ,*r  2  ,*  .  ,rr(r2+a2)a2sin4ew  4  ,* 

{ 2  3H4  4  =  2  3  (4  41  +  m  [ - 4 - 1{2  3J 

P 


r  A  ,  ,  4  ,  ,  4  ,*  4  ,*  _  ,  4  *  m’ra^sin^Q 

*4  3n4  4^  “  4  4^  ^  4  4^  "  ^  41  4 


Hence 


3  3 

-2mfra  sin  9  cos  6 

4 

P 


and  this  completes  the  computations. 


r  A  w  A  , 


A  € 


io  :  iirj  S3  * m£— 


68. 
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